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Abstract. Let M be a 7- manifold with a G'2-structure defined by G 
Q^{M). We prove that is conformal-Kilhng with respect to the associated 
metric if and only if the G'2-structure is nearly parallel. Similarly, let M 
be an 8- manifold with a Spin-^-structure defined by G Q'^{M). We prove 
that is conformal-Killing with respect to the associated metric if and 
only if the Spiny-structure is parallel. 
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1 Introduction 

A vector field A on a Riemannian manifold (M™, g) is Killing if its covariant 
derivative VA with respect to the Levi-Civita connection V is totally skew- 
symmetric, or VA = |(iA (here and everywhere in this note we identify 
vector fields with 1-forms using the Riemannian duality). More generally, a 
]3-form ip G f2^(M) is Killing if Vip = 'pp[d4'- In the same way as Killing forms 
generalize Killing vector fields, conformal-Killing forms generalize conformal- 
Killing vector fields. In order to define conformal-Killing p-forms {1 < p < m) 
on (M, g), consider the decomposition of T*M(8)A^(M) into irreducible 0{m)- 
sub-bundles: 

T*M (g) AP{M) = AP+\M) © AP-\M) © 7^(M), (1) 

where T'p{M) is the intersection of the kernels of skew-symmetrization and 
natural contraction maps. The covariant derivative Vip of a p-form ip G 
Vlp{M) is a section of T*M ® Ap{M) and its projections onto Ap+^{M) and 
A^~^(M) according to decomposition ([T]), are essentially given by the exterior 
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derivative di/j and the codifferential difj respectively. The projection of 'Vifj 
onto the remaining component T^{M) defines the conformal-Kilhng operator. 
A p-form ip is conformal-Kilhng if it belongs to the kernel of the conformal- 
Killing operator, i.e. V^l) is a section of the direct sum bundle Ap~^^{M) © 
AP^^(M), or, equivalently, the conformal-Killing equation 

VxV^ = -^ixdi: ^ X A 6^, WX e TM. (2) 

p + 1 m — p + 1 

is satisfied. 

Conformal-Killing forms exist on spaces of constant curvature, on Sasaki 
manifolds and on some classes of Kahler manifolds (like Bochner-fiat or con- 
formally Einstein) where they are closely related to the so called Hamiltonian 
2- forms [IJ. Conformal-Killings forms exist also on Riemannian manifolds 
admitting twistor spinors [9]. The space of conformal-Killing forms on a Rie- 
mannian manifold is always finite dimensional (even in the non-compact case) 
and an upper bound for the dimension is realized on the standard sphere, 
where any conformal-Killing form is a sum of two eigenforms of the Laplace 
operator, with eigenvalues depending on the dimension and the degree of the 
form [D]. 

There are two results in the literature which motivate this note. The 
first was proved in [9] and states that an almost Hermitian manifold whose 
Kahler form is conformal-Killing, is necessarily nearly Kahler; the second 
motivating result was proved in [5] and states that an almost quaternionic- 
Hermitian manifold whose fundamental 4-form is conformal-Killing, is nec- 
essarily quaternionic-Kahler. In this note we prove the analogous statements 
for the fundamental form of G2 and Spiuy-structures. More precisely, we 
prove the following result: 

Theorem 1. i) Let M be a 7 -manifold with a G2-structure defined by (p & 
Q^{M) and let be the associated Riemannian metric on M. Then (j) is 
conformal-Killing with respect to g^ if and only if the G2-structure is nearly 
parallel. 

a) Let M be an ^-manifold with a Spin.'^- structure defined by ip E r2^(M) 
and let g^ be the associated Riemannian metric on M . Then i/j is conformal- 
Killing with respect to g^ if and only if the Spin^- structure is parallel. 

The plan of this note is the following. In Section |2] we recall basic facts on 
G2-structures and we prove the statement for G2. The statement for Spin^ 
is proved in Section [31 
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2 The statement for G2 

2.1 Basic facts about G2-structures 

Let {ei, • • • , 67} be the standard basis of V = and {e^, • • • , e^} the dual 
basis. We shall use the notation e*i'"*'= for the wedge product e*^ A • • • A 6**= G 
K^iy*). Recall that G2 < GL{V) is a 14-dimensional compact, connected, 
simple Lie group defined as the stabilizer of the 3-form 

00 el23 ^ gl45 ^ gl67 ^ g246 _ ^257 _ ^347 _ g356_ (3) 

It can be shown any g E G2 preserves the standard metric {■,-)7 and the 
orientation of V for which the basis {e^, • • • , e^} is orthonormal and positive 
oriented. Let *r be the associated Hodge star operator. It follows that any 
g & G2 stabilizes also the 4-form 

*7 00 = e^56^ + e^^^^ + e^^^^ + e^^^' - e^^"" - e^^^^ - e'^^'. (4) 

The standard representation of G2 on V = V* is irreducible, but the 
representation of G2 on higher degree tensors is reducible, in general. For our 
purpose we need to know the irreducible decompositions of the G'2-modules 
A^(y*) and S^{V*), only. It is known that A'^{V*) decomposes into two 
G2-irreducible sub- representations 

A^v*) = A?(y*) e A-Uv*) (5) 

where 

A^,{V*) := A *70o), aeV*}^{/3e A\V*), 2 *7 /3 = /3 A 4} 
is of dimension 7 and 

^UV*) := {/3 e A^V*), *7/3 =-PA 0o} 

is isomorphic to the adjoint representation and has dimension 14. Similarly, 
S'^{V*) decomposes into two (j2-irreducible sub-representations 

S\V*)^S^{V*)®m{-,-)7 (6) 

where Sq{V*) denotes trace-less symmetric (2, 0)-tensors and M(-, •)7 is the 
1-dimensional representation generated by (■, ■)7. For proofs of these facts 
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and more about the representation theory of 6*2, see e.g. [3], [7]. 

Consider now a 7- dimensional manifold M with a G2-structure, defined 
by G Vl\{M). This means that is a smooth 3-form, linearly equivalent 
to 00 (i.e. at any point p G M, there is a linear isomorphism fp : TpM — )■ V 
such that /p(0o) = The stabilizer G2 C G'L(y) of 0o being included 
in SO{y)^ the standard metric and orientation of V induce, by means of 
the isomorphisms /p, a well-defined metric and an orientation on M, 
such that fp is an orientation preserving isometry. We denote by *^ the 
associated Hodge star operator and we freely identify vectors and covectors 
on M using g^. Let V be the Levi-Civita connection of g^. According to 
[S] the covariant derivative V0, which is a section of T*M ® A^(M), is 
actually a section of T*M®K^{M), where A^(M) is a sub-bundle of K^{M), 
defined as 

A^(M) = {*^{a A 0), a G T*M}. 
We shall identify A7(M) with T*M by means of the isomorphism 

A3(m) 9 /3 ^ A 0) G T*M, (7) 
which is the inverse (up to a multiplicative constant) of the isomorphism 

T*M 9 a -> *^(a A 0) G A^(M). 

More precisely, the following general identity holds: 

*^ {*^{a A 0) A 0) = -4a, Va G T*M. (8) 

Finally, from the isomorphism ([7j) and the decompositions ^ and ([H]) , we get 
the following decomposition of T*M h.^{M) into irreducible sub-bundles: 

r*M ® A?(M) = T*M ® T*M = A?(M) © A^4(M) © S^{M) © M<^(M), (9) 

where 

A2(M) = {a G A2(M) : 2*^a = aA(j)} 
Aj^{M) = {ae A^{M) : = -a A cp}, 

Sq{M) denotes the bundle of symmetric (2, 0)-traceless tensors and R(^(M) = 
(g^) is the trivial rank one bundle generated by g^. 

From (Q, there are 16 classes of G2-manifolds in the Gray-Hervella clas- 
sification [8J. The (j'2-structure defined by is called nearly parallel if V0 
is a section of the line bundle M0(M). When viewed as a sub-bundle of 
r*M®A3(M), M<^(M) is generated by J^l^^ e^®*^{e^ Acj)), where {e\ ■ ■ ■ , e^} 
is a local orthonormal basis of T*M. Thus V0 is a section of R(^(M) if and 
only if V0 is a multiple of *<^0. 
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2.2 Proof for the G2 statement 

In this Section we prove Theorem [1] i). We use a representation theoretic 
argument. Similar arguments aheady appear in the hterature [5], [10], [TT] . 
Let M be a 7-manifold with a G'2-structure defined by G Vl\{M). With the 
notations from the previous Section, we aim to prove the following Proposi- 
tion. 

Proposition 2. The S-form (f) is conformal- Killing with respect to if and 
only if the G2-structure defined by cj) is nearly parallel. 

In order to prove Proposition [21 define the algebraic conformal-Killing 
operator 

% : T*M (g) A^(M) ^ T*M ® A^{M) 
given on decomposable tensors by 

%h ® = lliX)f3 + ^7 A zxfi - A z^/? (10) 

where 7 G T*M, j3 G A^j{M), X G TM is identified with the dual 1-form and 
i^[5 := /3(7'', ■) is the interior product of /? with the vector field 7^ dual to 7. 
(The operator Ta usually acts on the entire T*M® A^(M), but we consider its 
restriction to T*M ® K^{M) only, because the covariant derivative V0 with 
respect to the Levi-Civita connection V of g^f, is a section of this bundle). 
Notice that 

r3(V0)(X) = Vx0 - 7^xrf0 + 7X A 5<P, \fX G TM. 

4 5 

Thus (j) is conformal-Killing if and only if 

r3(V0) = o. (11) 

Recall now the decomposition of T* M ® K^{M) into irreducible sub-bundles: 
T*M ® A^(M) = A2(M) © A24(M) © 5o'(^) © ^<i>{M). (12) 
From (fTTj) . Proposition [2] is a consequence of the following general result. 

Proposition 3. The restriction ofTz to A^(M)©S'o(M) is injective and the 
restriction ofTs to ^^(M) is identically zero. 

We divide the proof of Proposition [3] into two Lemmas. First we need to 
introduce some notations. Define a map 

T*M ®X^{M) ^T*M ®T*M, a ® P ^ a ® A 4>). (13) 
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For any component W in the decomposition of T*M T*M, let 

pr^y : T*M(^A%M) W 

be the composition of the map (fT^ with the projection from T*M ® T*M 
to VF, according to the decomposition IQ. Let {e^, ■ ■ ■ , e^} be a local or- 
thonormal positive oriented frame of T*M, so that (p is of the form ([3]), and 
define 

r]:=e^ *<^(e^ A (p). 
From its very definition, rj is a section of r*M ® Ay{M). 

Lemma 4. With the notations above, 

(prA.(M) o %M = -^{3e'' + e'' + e'') (14) 

and 

iWsliM) ° = --(e^ ®e^ + e^® e^). (15) 

In particular [w^^m) °%){v), (WaIjm) °'h){ri) and {v^^sHm) °'h){'n) are 
non-zero and 73|A2(A/)®sg(M) is injective. 

Proof. From (fTSi) . 

3 1 1 

%iv) = -e^(8)*0(e^A0) + -e''®e^A*<^(e''Ae^A(/))--e''(g)e''A*<^(e^Ae^A(/)) 

where, in order to simplify notations, we omitted the summation sign over 
1 < A; < 7. Therefore, from the identification ([7]), 

3 1 

(prA2(Af) o T3){r]) = -e^ A *^i*^{e^ A (f)) A <P) + -e^ A *4,{e^ A *^(e^ A A 0) A 0) 

- -e'' A *^{e'' A *^{e^ A A (p) A (p). 

The first term from the right hand side of this equality is equal to — 3e^ A e^, 
using the identity ([8]). For the second term, we compute 

*^(e2 A(P) = -(e^^^^ + e^^' + e^^^ + g^^^) 

and, for any k E {1,2, ■ ■ ■ , 7}, 

*^(e'= A A 0) = -6,,{e'' + e'') - 6,,{e'' + e'') 
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It follows that 
and 

*^{e^ A A *0(e'= A A (p)) = -25kie^ - 5^6^ - 5k^e^ + ^ee^ + 5fc7e^ 
Therefore, 

A *^(ei A A *^{e^ A A 0)) = -2(6^2 ^ ^47 ^ ^56)^ 

which provides the second term in the expression of (pr^2(jvf) ° 'T3)iv)- ^ 
similar calculation finally shows that 

e^^ A *^(e'= A *^{e^ A A 0) A 0) = 2(-2e^2 + e^^ + e^*^). 

Putting together the results of these computations, we obtain f[T^ . Relation 
(|T5|) follows from a similar computation. Using ([T3j) it can be checked that 



(prA.(M) ° A = ^(e^^^^^ + e'^'^' + e'^'^') (16) 



and 



*0 (prA.(M) o r3)(r7) = -^(e-^^^ + e^^^^ + 3e^^^«^). (17) 

Relations ffTB]) and ffTTl) imply that (prA2(j\/) o73)(?7) ^-^^ (prA2^(j;,/) o73)(?7) 
both non-zero. From the decomposition f[T^ and an easy argument which 
uses the Schur's lemma, pr^2(jv,f) oTs, prA2^(Af) °'73 and pr52(^^) oTs non-trivial 
imply that T\a2(m)(bs^(m) is injective, as required. □ 

In order to conclude the proof of Proposition [3] we still need to show that 
T is identically zero on ^^(M). This is done in the following Lemma. 

Lemma 5. The restriction T^Ir^^m) is identically zero. 

Proof. Recall that T*M ® M^{M) contains M</,(M) with multiphcity one and 
the projection prig^(j^^) onto M0(M) has the following expression: 

T*M O A3(M) 9 7 ® /3 ^ *^(7 ^[5^<t))g^e M0(M). (18) 

Schur's Lemma again implies that 73|M^(Af) is identically zero if and only if 
P%^(M) ° ^3 is identically zero. On the other hand, from definition (|T0|) of Ti 
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and (dg), 

(P%^(Af) °'73)(7® /3) 



,(Af) (e'®r3(7®/3)(efc)) 



3 1 1 



^7A/3 + ie'= A7A2e,/? ) A 



which is zero, since 

3^ A (3 + e'' AteJ = 0, y-/eT*M, V/3 G A^(M). 

Our claim follows. □ 

The proof is of Proposition [3] is now completed. Thus Proposition |2] and 
Theorem [T] follow. 



3 The statement for Spin^ 

3.1 Basic facts about Spiny-structures 

Extend the vector space \^ = M'^ of Section [^?T] to V+ := Mcq © V. The group 
Spiuy < G'L(V^) is a 21-dimensional compact, connected, simply connected 
Lie group defined as the stabilizer of the 4-form 

V'o = e° A 00 + *70o, (19) 

where we used the isomorphism A'^{V^) = A^{V*) (B A'^{V*), 0o and *7 were 
defined in Section 12.11 and e° G (V"+)* takes value one on eo and annihi- 
lates V. In terms of the standard basis {cq, ■ ■ ■ , 67} of V+ and the dual basis 
{e°,---,e^}, 

= e°123 + g0145 ^ g0167 ^ g0246 _ ^0257 _ ^0347 _ ^0356 
_|_g4567 _|_ g2367 _|_ ^2345 _|_ ^1357 _ ^1346 _ ^1256 _ ^1247 



From f|T9|) . the stabilizer of eo in Spin^ is isomorphic to G2. The vector space 
has a standard metric (■,-)8 and orientation, for which {e°, ■ ■ ■ , e^} is 
orthonormal and positive oriented and we shall denote by the associated 
Hodge star operator. It can be shown that Spin^ preserves this metric and 
orientation and the map Spin^ — > 5^ defined by — > g{eo) is a G2-fibration. 
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The group Spin^ acts irreducibly on = V^, but its action on higher 
degree forms is reducible in general For our purpose we need to recall the ir- 
reducible decomposition of A^{V^) only. As shown in [2], A^(V^) decomposes 
into irreducible Spin^-modules as 

A\v;) = Al{v;)(BAUv;), (20) 

where Al{V^) and Alg{V^), of dimension 8 and 48 respectively, are defined 
by 

Al{V;):={*s{^oAa), a e V;} 
^IsiV;) := {/? G A'(^;), /? A V'o = 0}. 

Consider now a Spin^-structure on an 8-manifold M, defined by a smooth 
4-form -0 G Q'^{M) linearly equivalent to ipo at any point of M. Since 
Spin^ < SO{V+), i/j determines a canonical metric and an orientation on 
M, for which any linear isomorphism fp : TpM — )■ y+ with /p('0o) = i^p is an 
orientation preserving isometry. We denote by *^ the Hodge star operator 
associated to g^p and this orientation. We shall freely identify vectors and 
covectors on M using g^. Let V be the Levi-Civita connection of g^. As 
shown in [3] and [8] (see also |3j) the covariant derivative Vip is a section of 
the tensor product T*M^A'^{M), where Aj{M) is a rank 7-bundle generated 
by 4-forms X A Zy-i/^ — 1" A ixi^, for any X,Y & TM. Moreover, the inner 
contraction map 

T*M(^A^{M)^A^{M),X(^a^ixa (21) 

is an isomorphism [6|. From fl20|) and fl2Tl) . the isomorphic bundles T*M ® 
A'^{M) and A^{M) decompose into irreducible sub-bundles as 

T*M (g) A^(M) = A^{M) = Al{M) © A%{M), (22) 

where 

Al{M) := Aa), aeT*M} 

and 

A3g(M) := {/? G A3(M), /3A^ = 0}. 

It follows that there are four classes of Spin^- manifolds [B]. The Spin^- 
structure is called parallel if Vip = 0. 
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3.2 Proof for the Spin^ statement 

In this Section we prove Theorem [1] ii). We use a similar method hke for 
Theorem ^ i), but the computations are more involved. Let M be an 8- 
manifold with a Spin^-structure defined hj ip & Q'^{M). With the notations 
from the previous Section, we aim to prove the following Proposition. 

Proposition 6. The A-form ip is conformal- Killing with respect to if and 
only if the Spinj- structure defined by ip is parallel. 

Like before, consider the algebraic conformal- Killing operator 

T; : T*M ® A^(M) ^ T*M ® A^(M) (23) 

given on decomposable tensors by 

4 11 

7^(7 ® a){X) = --f{X)a + -7 A ixa - -X A i^a (24) 

5 5 5 

where a G Ay(M), X G TM is identified with a covector using and 
i^a := 0(7'', ■) denotes the inner product of a and the dual vector field 7^ 
corresponding to 7 G T*M. (71 usually acts on the entire T*M ® A^{M) 
but we consider its restriction to T*M Aj{M) only, because the covariant 
derivative Vip with respect to the Levi-Civita connection V of g^ is a section 
of this bundle). Note that 

%(yij){X) = Vxil^-lixd^ + lx A6i:, WXeTM 

5 5 

and thus i/j is conformal-Killing if and only if 

7;(V^) = 0. (25) 
From fl25|) . Proposition [6] is a consequence of the following general result. 

Proposition 7. The algebraic conformal-Killing operator 71 defined by / l^) 
and [24^ is injective. 

In order to prove Proposition [TJ we will find maps 
Ps : T*M ® A^(M) ^ A^(M) 

and 

F48 : T*M ® A\M) -> A^g(M) 
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such that the compositions Ps^Tl and P^s^T^ are non-trivial. (The existence 
of such maps would readily imply, from Schur's lemma and the decomposi- 
tion ( 122|) of T*M ®K'^{M), that 71 is injective, as required in Proposition [7]). 

In order to define the maps and P48 we need to introduce more nota- 
tions, as follows. First, define 

p : A.\M) A\M) 

by 

p{l3){X,Y) = {^,ix(^ AY -zy/S AX), /3 G A^(M), X,YeTM, (26) 

where (■, ■) denotes the inner product which on decomposable skew-symmetric 
multi-vectors (or forms) is defined by 

(Xi A ■ ■ ■ Xp, A • ■ ■ Yp) = detg^Xi, Y,). 
Next, by tensoring the map p with the identity map on T*M we get a map 

id ® p : T*M ® A^(M) ^ T*M ® A'^{M), 

which, composed at the right with skew symmetrization, gives a map 

P : T*M ® A^(M) ^ A^{M). 

Finally, composing further P with the projections A^(M) — > A|(M) and 
A'^(M) — )■ A|g(M) according to fl22l) . we get the two maps Ps and P48 we 
were looking for. 

In order to show that the compositions Pg ° 71 and P48 o 71 are non- 
trivial, we will find a particular rj G T*M(g)A'^(M) such that both P^oT,^ and 
P48074 take non-zero value on rj. To define ?], consider a local positive oriented 
orthonormal frame {cq, ■ ■ ■ , 67} of TM and its dual frame {e", ■ ■ ■ , e^}, such 
that ■0 has the form 

^ = e°123 + g0145 ^ g0167 ^ g0246 _ ^0257 _ ^0347 _ ^0356 
_|_g4567 _|_ g2367 _|_ ^2345 _|_ ^1357 _ ^1346 _ ^1256 _ ^1247 

Define 

tto := 4o'0 A - ZeiV A e° 

and 

:= e° ® Oq. 
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From its very definition, oq is a section of A'^{M) and r/ is a section of 
T*M ® Aj{M). In the following Lemmas we will compute (P o Ti){rf). Since 

(P o 7;)(7 ® a) = ^7 A p{a) + ^e^ A p(7 A ie^a) - ie'^ A p{e^ A i^a), (27) 

o 

for any 7 G T*M and a G A'^(M), we need to compute p(ao), /\p{e^ ^^^0.0) 
and Ap(e°A2ej.ao). (As usual, we omit the summation sum over < A; < 7). 

First, we compute p(ao)- 
Lemma 8. The 3-form p(ao) has the following expression: 

p(ao) = -8(e°i + e23 + e^5 + e6^). (28) 
Proof. From the definition fl26l) of the map p, 

p{ao) {X, Y) = {iP, ixao AY - iy «o AX), VX, F G TM. 
Define a 1-form ip{ixao, ■) by 

ij{zxao,Y):={iJ,txaoAY), \fYeTM. 
With this notation, 

p(ao)(X, y) = ^(zxao, >^) - i^i^Y^o, X). (29) 
In terms of the local frame {e*^, ■ ■ ■ , e^} chosen above, 

a, = -el246 + ^ ^1347 ^ ^1356 ^ g0357 _ ^0346 _ ^0256 _ ^0247 ^gg) 

and, from a straightforward computation, 

zxao = e\X){e''' - e''' - e''' - e''') + e\X)i-e''' + e''' + e'^' + e''') 
+ e\X){e''' - e^" + e''' + e°^^) + e\X){-e''' - e^^^ - e°^^ + e"^^) 
+ e\X){-e'^' + e'''' - e^^e - e''') + e'{X){e'^' + e'^' + e'^' - e''') 
+ e\X){e''' - e'''' + e°=^^ + 6°^^) + e\X){-e'^'> - e'^^ - e^^^ + e^^^). 

Using this computation and the expression of -0 in the frame {cq, ■ ■ ■ , 67} we 
get 

il){ixao, ■) = -4e°(X)e^ + Ae\X)e° - Ae'^{X)e^ + Ae%X)e'^ 
- 4e\X)e^ + 4e^(X)e^ - 4e^(X)e^ + 4e^(A:)e^ 

Applying this relation to Y, skew-symmetrizing the result in X and Y and 
using fl29l) we get fl28l) . as required. □ 



12 



Next, we compute Ap{e^ A ^eotto)• 
Lemma 9. The S-form A p{e^ A ieoO^o) has the following expression: 
e' A p{e' A Ze^ao) = -8(e°^^ + e"^^ + e^^^) _ 6(6^^6 + e'^' + e^'' - e^"). (31) 

Proof. From the definition fl26|) of the map for any k G {0, ■ ■ ■ ,7} and 

X, y G TM, 

p(e'= A Zeoao)(^, = e'=(X)(7/', i^^ao A - e'=(r)(V^, ^^0^0 A X) 

+ (V^, ix(^eo«o) A F A efc) - (V^, iy(ieoao) A X A Cfc). 

From 

^eofto = e''' - e^'' - e^'' - e^'' (32) 
and the expression of ip in the frame {cq, ■ ■ ■ , 67}, we get 

{tl),ie,aoAX) = -Ae\X), MX eTM (33) 

and thus 

e\X) z,,ao Ay) - e\Y) {i;, i,,a, A X) = Ae^^iX, Y). (34) 

It remains to compute the terms of the form {i/j, ixiieoCto) A y A 6^). For this, 
define a 2-form '?/'(zx(^eo<^o)) ") whose value on a pair of vectors (Y, Z) is equal 
to ("0, ix(^eoCto) A y A Z). Taking the inner product of ZeoCto given by fl52]) 
with X G TM and contracting the resulting expression with if) we get 

ijitxM, ■) = e^(X)(-2e°^ - e^^ + e^^ + 26^^) + e6(X)(2e°^ - e=^^ - e^^ + 26^6) 
+ e^(X)(2e°5 + e^e + e^^ + 26^^) + e3(X)(-2e02 - e"^ + 26^3 + ^57) 
+ e2(X)(2e03 + 26^2 _ ^47 _ ^56) ^ e^(j^)(_2e06 + + 26^^ - e^^) 

Applying ?/'(zx(^eoCt)) ") to (y, Z) and skew-symmetrizing the result in X and 
y we obtain 

(V-, ^x(^eoao) A y A Z - zy(z,„ao) A X A Z) = -4(6^3 + + e'''){X, Y)e\Z) 
+2(e°5 + - e^^ + e27)(X, Y)e\Z) + 2(6=^^ - e^^ - e^^ - ei^)(X, y)e^(Z) 
+2(e5^ - - _ e02)(x, y)e3(Z) + 2(6^2 + ^ei ^ ^43 ^ ^07)^^^ Y)e\Z) 
+2(e65 + + e°=^ + e2i)(X, y)e2(Z) + + e^^ + + e^=^)(X, y)e5(Z), 
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for any X,Y, Z G TM. Letting in this expression Z := and using the 
definition of p together with ( 1341) we get 

Pie'' A ^eotto) = ^e'" - 45,o(e'' + e^' + e^') + 26Ue'' + e'' - e'^ + e^^) 



for any fixed k. Relation f l3ip follows now easily. □ 

Finally, it remains to compute e'^ Ap{e^ A iek^^o)- 
Lemma 10. The 3- form e'' A p(e° A iskCto) has the following expression: 

A p(e° A i,,ao) = 6{e^'' - e^^^ + e^'^ + e^^^). 
Proof. From the definition of the map p, one can check that 

p(e° A Ze,ao){X, Y) = 4(-4oe°^ - 42e°^ + fee°' - 44e°^)(X, Y) 
+ 4(5fc5e°'-46e°' + 5,7e°'')(X,F) 
- (0, ix{iek0^o) AY - iy(iefeao) A X), 



where 



el23 + ^145 ^ gl67 ^ g246 _ ^257 _ ^347 _ ^356 



and A; G {0, ■ ■ ■ , 7} is fixed. Note that 

e" A (-5,oe°^ - 5k2e^' + S^se'^ - S,,e^' + S^.e'^ - 5k,e^' + 476°')) 

For any 1 < A; < 7 define a 2-form by 

/3fc(X, y) = (0, 2x(ie,ao) Ay- iy(iefeao) A X). 

From a long but straightforward computation which uses the expressions of 
ao and (f) in the frame {cq, ■ ■ ■ , 67}, 

e^^ A = 6(-e247 + g^^^ _ g^se _ ^346) ^ 3^^023 ^ ^045 ^ g067^_ (35) 

Combining (!35|) with the expression of ^(6*^ A ^e^o) we get our claim. □ 
The following Lemma concludes the proof of Proposition [3 
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Lemma 11. The value of P oJl on rjQ has the following expression: 

5(F o = -24(e°2=^ + e°^^ + e"*^^) + 12(6^^^ - e^^^ + e^^e + g^^). (35) 

In particular, (Pg o Ti){riQ) and (P48 o Ti){rjQ) are non-zero. 

Proof. Relation f l36|) follows from relation f l27|) and the previous Lemmas. A 
direct check shows that fl36l) is not of the form ix'4^i for X G TM and thus 
(Ps ° Tifi){r}o) is non-zero. Moreover it can be checked that 

5(P o r4)M A = -24e°234567^ 

In particular, (Pg o T){r}Q) is also non-zero. □ 

The proof of Proposition [7] is now completed. Proposition [6] and Theorem 
d] follow. 
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